Introduction
The purpose of this study is construction of a Lyapunov functional for 1D NavierStokes equations of a viscous compressible barotropic uid under the in uence of a large mass force in the case when the stationary density admits vacua. We assume standard initial-boundary value problem with zero velocity boundary conditions as in (1.1) { (1.3) below. An immediate product of our construction is a result on a decay rate of evolutionary solution to the stationary one as time tends to in nity (see Theorem 1.1).
There are many results about the global behavior of solutions to equations (1.1), (1.2) below under di erent boundary conditions and other data and we refer e.g. In this work we continue the research results of which are summarized in 9], where a Lyapunov functional has been constructed for the case of positive stationary density given by equations (1.16), (1.17) below. Note that the explicit necessary and su cient conditions for such a positivity are known (see Proposition 1.3). Since for large class of external forces the stationary densities can contain vacua zones while being uniquely determined, we believe that Lyapunov analysis is important also for this case. To our knowledge, the only result in this direction and generality is in 12] , where an analogous problem with a free boundary has been tackled.
The free boundary condition allows us to derive a global lower bound for the density in terms of the stationary density which we are not able to nd for the Dirichlet boundary condition and thus have to nd an alternative argument. This argument 1 is given by a careful use of a comparison quasistationary density approximating the original one. Two crucial apriori estimates play decisive role in the construction. An appropriate form of the energy equality and an estimate utilizing the monotonicity of the state function and the analysis of approximative relation between the quasistationary density and the original density :
Despite of the singularity of the problem, a large class of mass forces and state functions is admitted. First, we give a survey of already known results which play an important role in the following arguments. Then we present the construction of a special di erential equality including the velocity, the density, stationary density and quasistationary density. The terms including quasistationary density are carefully analysed with the aim to exclude it from the di erential equality and modify it to a di erential inequality including a suitable Lyapunov functional. Resolving the Lyapunov di erential inequality we obtain a decay rate for the convergence of the evolutionary solution to the stationary one.
Basic known facts and the main result
We consider the following system of equations describing 1D-ow of a viscous compressible barotropic uid t + ( u) x = 0;
in the domain Q = (0;`) (0; 1) with the boundary and initial conditions uj x=0;`= 0; j t=0 = 0 (x); uj t=0 = u 0 (x) in (0;`): p(r) r as r ! 0 + with a > 0; (1.8) rp 0 (r) const as r ! 0 + :
(1.9) We shall study the asymptotic behavior of the strong generalized solution to problem (1.1) { (1.3) having the following properties: 2 C Q T , x ; t 2 L 2;1 (Q T ), > 0 and u 2 H 1 (Q T ) \ L 2 (0; T; H 1 (0;`)), u xx 2 L 2 (Q T ) for any T > 0. where is given by (1.27) below and 2 if < 2 or if 2 is arbitrary but xed. Theorem 1.1 will be proved in Section 2 after the following preliminaries.
First, a well-known consequence of energy equation (1.12) is Proposition 1.2 ( 9] ) Suppose in addition to (1.6), (1.7) that the conditions 0 < 0 N; ku 0 k L 2 (0;`) N; kf 1 k L 1 (0;`) N; (1.19) kgk L 1;2 (Q) N (1.20) and kP( 0 )k L 1 (0;`) N are satis ed. Then we have
( 4 Let us note that the idea with "quasistationary density" was for the rst time used for stabilization in 4], where the case of 2 and 3 space variables has been treated.
Next Proposition shows that there are fairly general explicit conditions for uniqueness of the solution to equations (1.16), (1.17). We refer in this respect to ( 1] ) and the references therein. The inequality (2.12) immediately follows. 2 According to Lemma 2.2 the term on the right-hand side of (2.12) can be made subordinate to the term R0 u 2 x dx when taking " small enough, in particular if "c(`; m; ; E 0 ; kf 1 Remark 2.4 Let us note that since lim t!1 R t 0 e (t s) G(s) ds = 0 for all G 2 L q (R + ) with > 0 and 1 q < 1; the right-hand side of (2.48) tends to zero as t ! 1: If, moreover, ke bt g(x; t)k L 2 (Q) N with some b 2 (0; ] (for example, if g 0); then the decay rate is exponential, i.e., Z0 u 2 + ( ; 1 ) + j 1 j + kp( ) p( )k 2 2 dx k(N)e bt ; t 0: 2
